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Abstrat
The Lie-Rinehart (LR) algebra of a manifold M, dened by the Lie
struture of the vetor elds, their ation and their module struture on
C∞(M), is a ommon, dieomorphism invariant, algebra for both las-
sial and quantum mehanis. Its (nonommutative) Poisson universal
enveloping algebra ΛR(M) ontains a entral variable Z whih relates
the ommutators to the Lie produts; lassial and quantum mehan-
is are its only fatorial realizations, orresponding to Z = iz, z = 0
and z = ~, respetively. In this form, anonial quantization appears
therefore as a onsequene of suh a general geometrial struture. The
regular fatorial Hilbert spae representations of ΛR(M) are, for z 6= 0,
unitarily equivalent, apart from multipliity, to one of the irreduible
quantum representations, with z = ~, whih are loally Shroedinger
and in one to one orrespondene with the unitary irreduible repre-
sentations of the fundamental group of M. For z = 0, if Di(M) is
unitarily implemented, they are unitarily equivalent, up to multipliity,
to the representation dened by lassial mehanis on M.
Math. Sub. Class.: 81S10, 81Q70, 81R15, 53D17, 81R60, 81R10
Key words: Quantum mehani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11 Introdution
In a previous work [1℄ we disussed the formulation of Quantum Mehanis
(QM) on a manifold M emphasizing the role of dieomorphism invariane
and of the assoiated Lie-Rinehart (LR) algebrai struture of the generators
of Di(M) as a module on C∞(M). Suh a onstrution relies on strutures
whih are assoiated to the geometry of the (onguration) manifold M and
are also at the basis of lassial mehanis. It is therefore relevant to ask where
and to whih extent the lassial and quantum approahes dier, starting from
suh ommon geometri strutures.
In fat, we shall show that a (slight) generalization of the algebrai frame-
work of Ref. [1℄ gives rise to an algebrai struture whih is ommon to Classial
(CM) and quantum mehanis and atually has no other realizations. CM and
QM will arise from the value of a entral variable intrinsially provided by the
ommon algebrai struture. It is worthwhile to stress that the sympleti
geometry of the lassial phase spae is not an a priori ommon ingredient,
but it rather haraterizes one of the values of the entral variable. Thus,
the emerging strutural relation between CM and QM, far from treating the
seond as a deformation of the lassial sympleti struture, identies both
as realizations of the same algebra.
The analysis relies on the intrinsi LR algebrai struture assoiated to the
onguration manifold M and to Di(M) in terms of i) the algebra C∞(M)
generated by the C∞ real funtions on M with ompat support and by the
onstant funtions, ii) the Lie algebra L(M) of C∞ vetor elds v of ompat
support, with Lie produt {. , .}, iii) the ation of L(M) on C∞(M), denoted
by {v, f} and iv) the module struture of L(M) over C∞(M), given by the
LR produt: ∀f ∈ C∞(M), ∀v ∈ L(M), (f, v) → f ◦ v ∈ L(M), whih is
linear in both fators, assoiative in the rst and satises {f ◦v, g} = f{v, g}.
The LR algebra LR(M) ≡ (C
∞(M),L(M)) uniquely determines its non
ommutative Poisson universal enveloping algebra ΛR(M) (see Setion 2).
ΛR(M) has a Lie produt {. , .}, whih extends that of LR(M) and an as-
soiative produt, denoted by · , whose symmetri (Jordan) part extends the
partial produt in LR(M). The Lie produt satises the Leibniz rule with
respet to the assoiative produt. No relation is assumed between the om-
mutator [A, B ] ≡ A · B −B · A and the Lie produt.
The nonommutative Poisson algebra ΛR(M) uniquely denes a notion of
(Di(M) invariant) nonommutative geometry of (M, V ect(M)), only em-
bodying the LR relations. Suh a nonommutative geometry underlies both
CM and QM; in fat ΛR(M) is represented in both, with [A, B ] = 0 in the
lassial ase, yielding the lassial ommutative Poisson algebra and the sym-
2pleti struture of the phase spae; in the quantum ase [A, B ] = i ~{A, B},
yielding a realization of ΛR(M) through the Heisenberg algebra, with the LR
produt realized as the symmetri (Jordan) produt, as reognized in Ref. [1℄
(see Setion 4).
The main point of our analysis is that ΛR(M) ontains a entral variable
Z (a entral sequene if the manifold is not ompat), whih relates the om-
mutator to the Lie produt:
[A, B ] = Z · {A, B}, [A, Z ] = 0 = {A, Z}, ∀A,B ∈ ΛR(M). (1.1)
Under the standard reality assignment: f ∗ = f , v∗ = v, ∀f ∈ C∞(M),
v ∈ L(M), ΛR(M) beomes a Poisson *-algebra and relations (1.1) imply
that lassial and quantum mehanis are its only fatorial realizations, i.e.
suh that the entral variable Z takes a denite value λ ∈ C (Setions 3, 4).
This shows that the Dira ansatz of anonial quantization, i.e. the pro-
portionality of the ommutators of positions and momenta to their lassial
Poisson brakets, has no alternative, in the sense that the only possibility
for the ommutator between variables in LR(M) is given by their Lie prod-
ut times a entral variable. Hene, "quantization" is determined by the LR
struture of LR(M), the lassial Poisson algebra and the Heisenberg algebra
resulting as the unique alternatives.
Setion 2 is devoted to the denition of the LR struture of LR(M), to the
analysis of its loalization properties and to the onstrution of ΛR(M) as its
unique non ommutative Poisson universal enveloping algebra.
In Setion 3, we exploit the loalization properties of ΛR(M) indued by
the LR loal struture of LR(M). This allows for the onstrution of variables
whih are loally entral with respet to both the Lie and the ommutator
produt. For a ompat manifold they sum up to a (global) entral variable
Z, whih relates the ommutator to the Lie produt, eq. (1.1). For non ompat
manifold, they give rise to a entral sequene and therefore to an extension of
ΛR(M) with a entral variable Z yielding eq. (1.1).
In Setion 4, we onsider the regular Hilbert spae representations pi of
the Poisson algebra ΛR(M), haraterized by exponentiability of the repre-
sentatives of the vetor elds and of the entral variable Z to one parameter
groups U(λv), U(λZ), and by strong ontinuity of Di(M) as automorphisms
of the C∗-algebra generated by pi(C∞(M)) and by the U(λv), U(λZ). Suh
representations are alled fatorial if the Di(M) invariant elements of the
enter of the orresponding Von Neumann algebra are multiple of the identity.
We show that i) for z 6= 0, the regular fatorial Hilbert spae representa-
tions of ΛR(M) are unitarily equivalent, apart from a multipliity, to one of
3the irreduible quantum representations, with z = ~, lassied in [1℄, whih
are loally Shroedinger and in one to one orrespondene to the unitary irre-
duible representation of the fundamental group ofM; ii) for z = 0, if Di(M)
is unitarily implemented, they are unitarily equivalent, up to a multipliity, to
the representation dened by lassial mehanis on M.
The above analysis shows the basi role of the LR geometry assoiated
to the onguration manifold M, whih in the quantum ase is somewhat
hidden in the C∗-algebrai struture (sine the Lie produt is given by the
ommutator apart from the Plank onstant), and in the lassial ase has
nothing to do with the (abelian) algebrai struture. In fat, the LR geometry
of Di(M) provides a general notion of mehanial system, in terms of the
Poisson universal enveloping algebra ΛR(M), lassial and quantum mehanis
being uniquely determined as its only fatorial realizations. Suh a strong
impliation is simply displayed in the ase of R
n
, with the translation group
playing the role of the dieomorphisms.
This suggests a quite dierent approah to the relation between Classial
and Quantum mehanis, with respet to phase spae quantization. The
latter assumes as fundamental the lassial anonial phase spae with its
sympleti dieomorphism group, and assoiates C∗-algebras A~ to it. Rather
than trying to obtain Quantum mehanis from the sympleti struture of the
lassial phase spae, our approah reognizes as fundamental the Lie-Rinehart
nonommutative geometry of the onguration spae M and of V ect(M), the
lassial sympleti spae and the quantum mehanial state spae resulting
from the entral lassiation of the same nonommutative Poisson algebra.
We shall adopt the following Notations:
M a onneted C∞ manifold of dimension d,
O any subset of M dieomorphi to an open sphere,
Di(M) the onneted omponent of the identity of the group of dieomor-
phisms of M,
L(M), L(O) the Lie algebras of C∞ vetor elds v of ompat support in
M,O, with Lie produt {v1, v2},
g(λv), λ ∈ R, v ∈ L(M), the assoiated one parameter groups, whih exist
by ompatness of supp v,
G(M) the subgroup of Di(M) generated by the g(λv),
G˜(M) its universal overing group, whih is uniquely assoiated to L(M) ([2℄,
Theorem 8.1) and is generated by the elements of a neighborhood of the
identity in G(M) and therefore by the one parameters groups g(λv),
C∞0 (M), C
∞(B) the algebras generated by the C∞ real funtions with om-
pat support, respetively in M and in the open set B,
C∞(M) the algebra generated by C∞0 (M) and by the onstant funtions.
42 The Lie-Rinehart nonommutative Poisson
algebra of M
We reall the generalization of the notion of Poisson algebra to the nonom-
mutative ase [3℄ [4℄:
Denition 2.1 A Poisson algebra Λ is a real assoiative algebra, with prod-
ut denoted by A ·B, and a (real) Lie algebra, with produt denoted by {A, B},
satisfying the Leibniz rule
{A, B · C} = {A, B} · C +B · {A, C}, (2.1)
Our analysis will be based on the following notion:
Denition 2.2 Given a (real) Lie algebra L, with Lie produt {. , .}, a Pois-
son enveloping algebra ΛL of L is a Poisson algebra with a Lie algebra
homomorphism i : L → ΛL: ∀l1, l2 ∈ L,
i({l1, l2}) = {i(l1), i(l2)}. (2.2)
A Poisson enveloping algebra ΛL of a Lie algebra L will be alled universal
if, for any Poisson enveloping algebra Λ′L, there is a unique homomorphism
ρ : ΛL → Λ
′
L of non ommutative Poisson algebras, whih satises iΛ′L = ρ◦iΛL.
As in general for enveloping algebras, the uniqueness of the Poisson univer-
sal enveloping algebra (UEA) of a Lie algebra L follows immediately from
the uniqueness of the homomorphism ρ. Its onstrution proeeds as in the
Poinaré-Birko-Witt theorem by onsidering the tensor produt polynomial
algebra generated by L and by taking quotients with respet to the ideals
generated by eqs. (2.1), (2.2). By onstrution i is injetive.
We reall the notion of Lie-Rinehart algebra [5℄:
Denition 2.3 A real Lie-Rinehart (LR) algebra is a pair (L0,L), where
L0 is a real ommutative algebra, L is a (real) Lie algebra, with Lie produt
{. , .}, whih ats as derivations on L0, ∀f ∈ L0, v ∈ L, f → v(f) (hereafter
v(f) is denoted also by {v, f}); (L0,L) is equipped with a (LR) produt L0◦L ⊂
L, satisfying distributivity in both fators and, ∀ f, g ∈ L0, v, w ∈ L
{ f ◦ v, g } = f {v, g}, (2.3)
f ◦ (g ◦ v) = (fg) ◦ v, (2.4)
5{v, f ◦ w} = {v, f} ◦ w + f ◦ {v, w}. (2.5)
A Lie-Rinehart algebra is said to have an identity, if the algebra L0 has an
identity 1, whih automatially satises {1, v} = 0, ∀v ∈ L.
Clearly, L0 + L is a Lie algebra, with Lie produt {. , .} and we dene
Denition 2.4 The Poisson universal enveloping algebra of a LR al-
gebra (L0,L) with identity is the Poisson universal enveloping algebra of the
Lie algebra L0 + L, with the additional relations ∀f, g ∈ L0, ∀v ∈ L,
i) i(1) · i(l) = i(l), ∀ l ∈ (L0 + L)
ii) i(fg) = i(f) i(g),
iii) i(f ◦ v) = 1
2
(i(f) · i(v) + i(v) · i(f)).
A Poisson UEA is not an enveloping algebra in the sense of envelops of Lie
or of LR algebras [5℄, sine no relation is assumed between the Lie produt and
the ommutator. Obviously, the Poisson UEA of a LR algebra is isomorphi
to the quotient of the Poisson UEA of L0+L with respet to the ideals dened
by i)- iii). Existene and uniqueness of Poisson UEA follow as before.
L(M) ats as derivations on C∞(M) and (C∞(M),L(M)) is a LR alge-
bra with LR produt dened by eq. (2.3). The same holds for (C∞0 (O),L(O)).
C∞(M) has an identity 1 = 1(x). Clearly, Di(M) denes a group of auto-
morphisms of (C∞(M), L(M)) and of its Poisson UEA ΛR(M). The relation
between the ation of G(M) on ΛR(M) and the Lie produt {., .} is
(d/dλ) gλv(A) = { v, gλv(A) }, ∀A ∈ ΛR(M), (2.6)
where gλv denotes the one parameter subgroup of Di(M) generated by v and
the derivative is taken in the C∞ topology.
Denition 2.5 The LR nonommutative Poisson algebra ΛR(M) of a
manifold M is the Poisson universal enveloping algebra of the LR algebra
(C∞(M),L(M)).
We denote by Λ(M) the Poisson UEA of C∞(M) +L(M) satisfying only
ondition i) of Denition 2.4.
With respet to ΛR(M), the Poisson UEA of C
∞(M)+L(M)merely embodies
the Lie relations between vetor elds and funtions on M, so that it applies
in general to the analysis of Di(M). In partiular, suh a Lie algebra an be
interpreted as the urrent algebra, whih appears in all N-partile systems on
M [6℄. With respet to suh a general struture, as disussed in Ref. [1℄, the
6mehanis of a partile onM requires the elimination of redundant degrees of
freedom, whih is provided by the LR relations between otherwise independent
vetor elds.
The algebra ΛR(M) an be interpreted as desribing a partile on a man-
ifold solely on the basis of general geometrial relations, whih hold both in
the quantum and in the lassial ase, sine neither quantum ommutation
relations (as in Ref. [1℄), nor the vanishing of the ommutator are assumed .
An important property of ΛR(M) is that there is a notion of loalization
in the following sense: an element A ∈ ΛR(M) has the ompat set K as
a loalization region, if it an be represented by a polynomial of elements of
L0(B) + L(B), for some B ⊂ K. In the ase of non ompat manifold M,
ΛR(M) is generated by the identity and by loalized elements.
Proposition 2.6 If A ∈ ΛR(M) is loalized in the ompat set K and g ∈
C∞(M) satises supp g ∩K = ∅, then
i(g) · A = A · i(g) = 0. (2.7)
Therefore, by i), if g(x) = 1 ∀x ∈ K, then
i(g) ·A = A · i(g) = A. (2.8)
Proof. If A ∈ C∞(B), B ⊂ K, the result follows from ii), trivially.
If A = v ∈ L(B), for f ∈ C∞(B), with f(x) = 1, ∀x ∈ supp v, one has f ◦v = v
and therefore, as a onsequene of ii), iii),
i(g) · i(v) = 1
2
i(g) · [(i(f) · i(v) + i(v) · i(f)] = 1
2
i(g) · i(v) · i(f).
By iii), and ii), g ◦ v = 0 implies that the r.h.s. is equal to − 1
2
i(v) · i(gf) = 0.
By assoiativity of the produt, eq. (2.7) extends to all A ∈ ΛR(M) loalized
in K. 
3 The relation between ommutators and Lie
produts
As remarked before, in a Poisson algebra there is no a priori relation between
the ommutator and the Lie produt. As we shall prove in this setion, for
the LR Poisson algebra ΛR(M) the two produts are not independent: for a
ompat manifoldM, there is a entral variable whih relates the ommutator
to the Lie produt by eq. (1.1). In the non ompat ase, there are sequenes
7whih are entral both in the Lie and in the ommutator sense and give the
same relations. The existene of entral relations between ommutators and
Lie produts has been reognized for stritly non ommutative Poisson algebras
whih are prime, i.e. suh that they do not have ideals whih are divisors of
zero [4℄. This is not the ase of ΛR(M), sine in partiular any pair of funtions
with disjoint supports generate (bilateral) ideals I1, I2 with I1 · I2 = 0 (as a
onsequene of Theorem 3.1 below). For brevity, in the following the injetion
i will not be spelled out; [A, B ] ≡ A ·B−B ·A will denote the ommutator.
Theorem 3.1 For a ompat manifoldM, there exists a unique Z ∈ ΛR(M),
suh that, ∀A, B ∈ ΛR(M),
[A, B ] = Z · {A, B }, {Z, A } = 0 = [Z, A ]. (3.1)
For a non ompat manifold M, there exists a sequene Zn ∈ ΛR(M), suh
that ∀A, B ∈ ΛR(M),
[A, B ] = Zn · {A, B }, {Zn, A } = 0 = [Zn, A ], ∀n > n¯(A,B). (3.2)
Then, one an dene an element Z, suh that the Poisson algebra Λ˜R(M)
generated by ΛR(M) and Z satises eq. (3.1).
Proof. A ruial role is played by the property of Di(M), by whih the
linear span of {C∞(M), L(M)} ontains C∞(B), B any open set ontained in
a ompat set K. In fat, for eah open region Oi, dieomorphi to a sphere,
by hoosing a sphere O′i larger than Oi, one an nd qi ∈ C
∞(O′i), wi ∈ L(O
′
i)
suh that {qi, wi}(x) = 1, ∀x ∈ Oi. Then, for any gi with support ontained
in Oi, in the LR algebra (C
∞(M),L(M)) one has
gi = gi{qi, wi} = { qi, gi ◦ wi}, (3.3)
and, therefore, any g ∈ C∞0 (M) has a deomposition
g =
∑
i
gi =
∑
i
{qi, gi ◦ wi}, supp gi ⊂ Oi. (3.4)
Then, by using the following identity, whih holds in Poisson algebras, [4℄
[A, B ] · {C, D } = {A, B } · [C, D ] ,
putting Zg ≡
∑
i[qi, gi ◦ wi], ∀A, B ∈ ΛR(M), one obtains
[A, B ] · g =
∑
i
[A, B] · {qi, gi ◦ wi} = {A, B} · Zg , (3.5)
8g · [A, B ] = Zg · {A, B }. (3.6)
The element Zg may depend on the hoie of gi, qi, wi in the deomposition of
g, eq. (3.4); however, by the same identity, for any h of ompat support one
has
Zg · h =
∑
i
{ qi, gi ◦ wi} · Zh = g · Zh = Z
′
g · h, (3.7)
where, for given g, Z ′g orresponds to any other hoie in the above onstru-
tion.
Furthermore, for any A suh that {A, g} = 0, in partiular for all A suh that
g(x) = 1, ∀x ∈ suppA, putting for brevity pi ≡ gi ◦wi, using Leibniz rule and
eq. (3.5), one has
{[qi, pi], A} · g = ([{qi, A}, pi] + [qi, { pi, A}]) · g =
= ({ {qi, A}, pi }+ { qi, { pi, A } } ) · Zg = { {qi, pi}, A} · Zg .
Hene,
{Zg · g, A} =
∑
i
{[qi, pi], A} · g = {g, A} · Zg = 0 (3.8)
and
[Zg · g, A] = [Zg, A] · g = {Zg, A} · Zg = 0. (3.9)
In the ase of a ompat manifold, by taking g = 1, ondition i) implies
eq. (3.1), with Z ≡ Z1; Z1 is unique by eq. (3.7) and is a entral variable by
eqs. (3.8), (3.9).
For a non ompat M, by using Proposition 2.6, for any g ∈ C∞(M), Zg is
unique, by eq. (3.7) with h = 1 in a region of loalization of both Zg and Z
′
g.
Moreover, for any inreasing sequene of ompat sets Kn whih over M,
any sequene gn ∈ C
∞(M) with ompat support and gn(x) = 1, ∀x ∈ Kn,
satises
gn · A = A · gn = A, n > n¯(A), (3.10)
for all loalized A, as a onsequene of Proposition 2.6. Then, putting Zn ≡
Zgn, for A loalized in K and h suh that h ·A = A, one has
Zn ·A = Zn · h ·A = Z
′
n · h · A = Z
′
n · A,
by eq. (3.7), i.e., for n large enough, Zn · A is independent of n and of the
onstrution of Zn; again by eq. (3.7), Zn · A is loalized in K. Moreover, by
eqs. (3.5), (3.8), (3.9), the sequenes Zn satisfy eq. (3.2).
9Hene, one may onsider the Poisson algebra Λ˜R(M) generated by ΛR(M)
and by an element Z dened by
Z · A ≡ lim
n→∞
Zn · A = lim
n→∞
A · Zn ≡ A · Z, for all loalizedA,
Z · 1 ≡ Z ≡ 1 · Z, {Z, A} = 0, ∀A ∈ ΛR(M).
Sine, for loalized A, Z · A is loalized, Zn · A ≡ Zn−1 · (Z · A) is reursively
well dened; assoiativity and the Leibniz rule learly hold and eq. (3.1) holds
in Λ˜R(M). 
In the above proof, onditions i)- iii) enter only after eq. (3.9), hene
Corollary 3.2 For the Poisson universal enveloping algebra ΛL(M) of the Lie
algebra L(M) ≡ C∞(M) + L(M) the ommutators and the Lie produts are
related by
[A, B ] · g = {A, B } · Zg, A, B ∈ ΛL(M), g ∈ C
∞(M), (3.11)
{Zg · g, A } = 0 = [Zg · g, A ], if {A, g } = 0. (3.12)
Furthermore, sine only i) has been used in the ase of ompat M, one has
Corollary 3.3 For a ompatM, Theorem 3.1 holds for Λ(M) = the Poisson
UEA of the Lie algebra L(M), satisfying ondition i) of Denition 2.4.
For the impliations of the above results on Classial and Quantum Me-
hanis, we note that a notion of reality in ΛR(M) is automatially given if
the elements of C∞(M) + L(M) are taken as real:
f ∗ = f, v∗ = v. (3.13)
The
∗
operation obviously extends to a (real linear) involution on ΛR(M),
with {A, B}∗ = {A∗, B∗ }, (AB)∗ = B∗A∗ and therefore Z∗ = −Z. Then,
ΛR(M) beomes a Poisson *-algebra (Denition 4.1 below) and as suh will
be understood in the following.
Fatorial realizations of ΛR(M) are dened by homomorphisms piz ob-
tained by taking the quotient of ΛR(M) with respet to the ideal generated
by Z∗Z − z2, z ≥ 0. (For Hilbert spae representations see Setion 4).
For z = 0, one obtains the ommutative Poisson algebra generated by C∞(M)
and by the polynomials of the C∞ vetor elds, with the natural module
struture of L(M) on C∞(M), i.e., substantially, the sympleti struture of
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lassial mehanis (see Setion 4) . Suh an algebra is also very lose to the
Lie algebroid advoated as the algebrai struture of lassial mehanis [7℄.
For z2 6= 0, piz(Z) = ιz, ι
2 = −1 and there is an isomorphism ϕ, mapping the
real Poisson involutive algebra into the omplex algebra generated by C∞(M)
and by the generalized momenta Tv assoiated to the vetor elds of L(M),
satisfying
[Tv, Tw ] = i z T{v, w}, [Tv, f ] = i z {v, f}, z ≥ 0,
with ϕ(f) = f , ϕ(v) = Tv, ϕ(ι) = i. This is the (unbounded) LR quantum
algebra introdued in Ref.[1℄. Suh an isomorphism between piz(ΛR(M)) and
the above omplex algebra oers an explanation of the ourrene of a om-
plex struture in the standard formulation of quantum mehanis, whereas no
omplex struture is needed for the formulation of lassial mehanis.
In onlusion, the Poisson UEA ΛR(M), with the reality notion (3.13), is
ommon to lassial and quantum mehanis, whih an be haraterized as
its only fatorial realizations, in the sense dened above.
The entral relation between ommutators and Lie produts, given by
Corollaries 3.2, 3.3, are independent of the LR relations and therefore ap-
ply to other geometri strutures whih an be assoiated to Di(M), without
inluding the LR relations. In fat, the Lie algebra L(M) = C∞(M) + L(M)
an be interpreted as the urrent Lie algebra on M generated by the harge
densities ρ(f), f ∈ C∞(M) and the urrents j(v), v ∈ L(M), with
{ ρ(f), ρ(g) } = 0, { j(v), ρ(f) } = ρ({v, f}), { j(v), j(w) } = j({v, w }),
(3.14)
for all f, g ∈ C∞(M), v, w ∈ L(M). Hene, Λ(M) is identied with the Pois-
son UEA of the urrent Lie algebra with the additional relation i) of Denition
2.4, i(ρ(1)) · A = A, ∀A ∈ ΛL(M). Suh a relation holds for the N-partile
representations of the urrent Lie algebra introdued by Goldin [6℄, provided
ρ is identied with the Goldin harge density divided by N .
With the above identiations, the Poisson algebra Λ(M) desribes both
the lassial and the quantum urrent algebra and for ompat M, by Corol-
lary 3.3, these are the only fatorial realizations, in the above sense. The
LR relations are not satised in the urrent algebra, where in partiular the
algebra generated by the ρ(f) is a free abelian algebra.
As it is lear from the proof of Theorem 3.1, the entral variable relation
between ommutators and Lie produts follows in general from the existene
of an identity whih an be written as a sum of Lie produts. As a physially
relevant example, we onsider the Lie algebra of the anonial variables
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in R
n
, dened by the following Lie produts
{ qi, qj} = 0 = {pi, pj }, { qi, pj } = δi j 1, {qi, 1} = 0 = {pi, 1}, (3.15)
heneforth denoted by Lc. The onstrution of Theorem 3.1 simplies and the
orresponding Poisson UEA Λc, dened with the ondition i) of Denition 2.4,
i(1) · A = A, ontains a entral variable Z, suh that
[qi, qj ] = Z{qi, qj} = 0, [pi, pj ] = Z{pi, pj} = 0,
[ qi, pj ] = Z{ qi, pj } = Zδi j . (3.16)
Thus, the ommutator between any pair of anonially onjugated variables is
a entral variable in Λc and oinides with Z.
The Poisson algebra Λc desribes both lassial and quantum mehanis,
the two realizations orresponding, as above, to the quotients of Λc with respet
to the ideals generated by Z∗ Z−z2, z ≥ 0, with, respetively, z = 0 and z = ~.
4 Representations of ΛR(M). Classial and Quan-
tum Mehanis
The Poisson algebra ΛR(M) involves unbounded variables and the analysis
of its representations is onveniently done in terms of assoiated normed *-
algebras and C∗-algebras. For this purpose, we introdue the following notions.
Denition 4.1 A Poisson *-algebra Λ is a (nonommutative) Poisson al-
gebra, with a (real linear) involution *, satisfying {A, B}∗ = {A∗, B∗ },
(A · B)∗ = B∗ · A∗.
A representation pi of a Poisson *-algebra Λ in a Hilbert spae H is a
homomorphism of Λ into a Poisson *-algebra of operators in H (with both the
operator produt and a Lie produt {. , .} satisfying the Leibniz rule), having
a ommon invariant dense domain D on whih
pi(A · B) = pi(A) pi(B), pi({A, B }) = { pi(A), pi(B) }, pi(A∗) = pi(A)∗.
Proposition 4.2 In a representation pi of (the Poisson *-algebra) ΛR(M)
in a Hilbert spae H, pi(f) and pi(v), f ∈ C∞(M), v ∈ L(M) are strongly
ontinuous on D in the C∞ topology of C∞(M) and L(M).
Furthermore, eq. (2.6) holds for pi(gλv(A)), A = f, v, with the derivative
taken in the strong topology.
12
Proof. Sine for |λ| > ||f ||∞, f − λ is invertible in C
∞(M), ||pi(f)|| ≤ ||f ||∞.
Moreover, any ompat set K ⊂ M an be overed by a nite number of
open sets O homeomorphi to spheres, so that, by a orresponding deom-
position of unity, any vetor eld v an be written as a linear ombination
v =
∑d
i fi wi, fi ∈ C
∞(M). Then, vn → v in the C
∞
topology implies
that the orresponding f
(n)
i onverge fi in C
∞(O) and, by the LR relation
pi(fiwi) = pi(fi) pi(wi) + pi(wi(fi))Z, pi(vn) onverge strongly to pi(v) on D.
This also implies that pi(gλv(A)) is strongly dierentiable in λ and eq. (2.6)
holds for pi(gλv(A)). 
Denition 4.3 A representation pi of ΛR(M) in a omplex Hilbert spae H
is alled regular if pi(C∞0 (M)) 6= 0 and
i) (exponentiability) D is invariant under the C∗-algebra A(M)pi generated
by pi(C∞(M)) and by one parameter unitary groups U(λv), U(λZ), λ ∈ R,
generated by Tv ≡ pi(v) and −i pi(Z), respetively,
ii) (dieomorphism invariane) the elements gλv ∈ G(M) dene strongly
ontinuous automorphisms of A(M)pi by
gµw : pi(f)→ pi(gµwf), U(λv)→ U(λgµw(v)), U(λZ)→ U(λZ). (4.1)
Property ii) states the exponentiability of the derivation (2.6) in the represen-
tation pi; it is implied by i) if z 6= 0 (see below).
Proposition 4.4 In a regular representation pi of ΛR(M)), the one-parameter
unitary groups U(λv), U(λZ) satisfy
[U(λv), U(λZ) ] = 0, [ pi(f), U(λZ) ] = 0. (4.2)
Proof. In fat, one has on D
i(d/dλ)[U(λv) pi(Z)U(−λv) ] = U(λv) [Tv, pi(Z) ]U(−λv) = 0,
i.e. [U(λv), pi(Z) ] = 0; therefore (d/dλ)U(λZ)U(µv)U(λZ)−1 = 0. Similarly
for pi(f) and eqs. (4.2) follow. 
Sine ΛR(M) has both an assoiative produt and a Lie produt related
to Di(M) by eq. (2.6), a natural role is played by elements whih are entral
with respet to both.
Denition 4.5 A regular representation pi of ΛR(M) is alled fatorial if
the elements of the enter Zpi of the Von Neumann algebra A(M)
′′
pi whih are
invariant under Di(M) are multiples of the identity.
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Classial and Quantum Mehanis are examples of regular (fatorial) rep-
resentations of ΛR(M).
A) Quantum Mehanis. As disussed in Ref. [1℄, QM on a manifold M,
with ~ = 1, is desribed by the LR regular representations pi of the rossed
produt Π(M) ≡ C∞(M)× G˜(M), i.e. suh that pi(C∞0 (M)) 6= 0 and
i) pi(U(λv)) are strongly ontinuous in λ,
ii) their generators Tv have a ommon dense domain D invariant under Π(M),
satisfy the Lie algebra relations and the LR relations, ∀f ∈ C∞(M), v, w ∈
L(M),
[Tv, Tw ] = i T{v, w}, Tf◦v = 12(f Tv + Tv f).
By Propositions 4.2, 4.6, pi(U(λv)) are also strongly ontinuous in the C∞
topology of the vetor elds. The lassiation of irreduible suh representa-
tions [1℄, implies, by their loally Shroedinger property, that D an be hosen
invariant under the generators Tv and therefore one atually gets a regular
representation of ΛR(M) with Z = i. The automorphisms gλv are imple-
mented by U(λv) and property ii) of Denition 4.3 follows; the representation
of ΛR(M) is fatorial if pi is irreduible.
More generally, the above operators f and T~v dene regular representa-
tions of ΛR(M) with Z = i ~. Suh representations are therefore lassied by
~ and the unitary representations of the fundamental group pi1(M) [1℄; they
shall be alled the quantum representations of ΛR(M).
B) Classial Mehanis. Given the otangent bundle T ∗M, desribed by
loal oordinates (x, p), with x ∈M and pi the oordinates in the basis dual to
∂/∂xi, we onsider the Hilbert spae L
2(T ∗M, dx dp) and the representation
piC of ΛR(M), with Z = 0, by multipliation operators on D = C
∞
0 (T
∗M),
∀f ∈ C∞(M), ∀v =
∑
i gi(x)∂/∂xi, supp v ⊆ O, (∀O homeomorphi to an
open sphere),
piC(f) = f(x), piC(v) =
∑
i
gi(x) p
i ≡ Tv, U(λv) = e
−iλ
P
i
gi(x) pi.
The Lie produt on ΛR(M) is given by the standard Poisson brakets { . , . }C
on T ∗M. The automorphisms gλv, gλv(f)(x) = f(g
−1
λv (x)), gλw(Tv) = Tgλw(v),
satisfy eq. (2.6), extend to the U(λv) and are unitarily represented. Hene, piC
is a regular representation of ΛR(M), (atually it is fatorial), with Z = 0. It
shall be referred to as the lassial anonial representation of ΛR(M).
In the following, we show that the regular fatorial representations of
ΛR(M) are quasi equivalent to either one of the quantum irreduible rep-
resentations or (in separable Hilbert spaes) to the lassial anonial repre-
sentation.
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Proposition 4.6 In a regular fatorial representation pi of ΛR(M) one has
i) U(λZ) = e−iλz1, z ∈ R; apart from an antiunitary transformation leaving
ΛR(M) pointwise invariant, one an take z ≥ 0,
ii) the one parameter groups U(λv) are strongly ontinuous in v in the C∞
topology of the vetor elds and
U(λv)U(µw) = U(µgλzv(w))U(λv), U(λv)f = gλzv(f)U(λv), (4.3)
gλzv(·) denoting the ation of the one parameter group of G(M) generated by
λzv.
Proof. By eq. (4.2), U(λZ) belongs to Zpi and, by eq. (4.1), is invariant under
Di(M); then, U(λZ) = e−iλz1, by strong ontinuity in λ. For the antiunitary
transformation see Setion 3.
Moreover, by using Proposition 4.2, ∀A ∈ C∞(M) + L(M) one has
(d/dλ) [U(−λv) pi(gλzv(A))U(λv) ] =
= U(−λv)
(
i [Tv, pi(gλzv(A)) ] + { zTv, pi(gλzv(A))}
)
U(λv) = 0.
Then,
U(−λv) pi(gλzv(A))U(λv) = A
and eqs. (4.3) follow, by exponentiability. Finally, ∀Ψ ∈ D, eq. (4.3) implies
(d/dλ)Ψn(λ) ≡ (d/dλ)[U(λvn)U(−λv)] Ψ = U(λvn)U(−λv)(Tg−λzv(vn) − Tv)Ψ
and Tg−λzv(vn)Ψ = Tg−λzv gλzvn(vn)Ψ onverges strongly to TvΨ, uniformly in λ
(bounded), by Proposition 4.2; hene, Ψn(λ) = Ψ+
∫ λ
0
dλ′ (d/dλ′)Ψn(λ
′)→ Ψ.

Theorem 4.7 The regular fatorial representations pi of ΛR(M) are lassied
by the value i z of the entral variable Z and
1) for z 6= 0, eah of them is unitarily equivalent, apart from a multipliity,
to one of the irreduible quantum representations dened above by a LR
regular irreduible representation of the rossed produt C∞(M)×G˜(M), with
z = ~, and therefore in one to one orrespondene with the unitary represen-
tations of pi1(M)
2) for z = 0, for separable representation spae H, they are quasi equivalent
to the lassial anonial representation, atually, unitarily equivalent, up
to a multipliity, if Di(M) is unitarily
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Proof. For z 6= 0, by eqs. (4.3), pi(f), f ∈ C∞(M) and the U(λz−1v), v ∈
L(M), provide a representation of the rossed produt Π(M), whih is LR
regular by Denition 4.3, i).
Sine the automorphisms gλv are unitarily implemented by the U(λz
−1v), the
enter of Π(M)′′ is automatially pointwise invariant under G(M) and, there-
fore, fatoriality in the sense of Denition 4.5 implies fatoriality of the rep-
resentation of the rossed produt. Hene, the representation is a sum of
opies of one irreduible representation of Π(M); the latter are lassied by
the unitary irreduible representation of pi1(M), Ref. [1℄ . As remarked before,
eah LR regular irreduible representation of Π(M) denes a regular fatorial
representation of ΛR(M).
For z = 0, by eqs. (4.3), the C∗-algebra A(M)pi generated by pi(C
∞(M)) and
the U(λv) is abelian; by separability, the representation spae an therefore be
identied with a sum of L2 spaes with nite measures σn over the spetrum
Σ of A(M)pi, whose points ξ, apart from sets of zero measure for all σn, are
identied as multipliative linear funtionals whih by regularity an be har-
aterized as follows: ∀f ∈ C∞(M), ξ(f) = f(xξ), and ∀v =
∑
i gi(x)∂/∂xi,
supp v ⊆ O, (∀O homeomorphi to an open sphere)
ξ(v) =
∑
i
gi(xξ) p
i
ξ, p
i
ξ ≡ ξ(∂/∂xi), ξ(U(λv)) = exp (i
∑
i
gi(xξ) p
i
ξ),
i.e. the point ξ is identied by loal oordinates (x, p) in T ∗M. Then, apart
from a set of zero σn measure, Σ an be identied with a subset of T
∗M, by
a ontinuous map, so that σn denes a nite Borel measure µn on T
∗M and
the representation spae H may be taken as
∑
n L
2(T ∗M, dµn).
The set of points I0 ≡ {(x, 0), x ∈ M} is invariant under Di(M) and it
has zero µn-measure, sine, otherwise, it would dene a subrepresentation of
ΛR(M), whih violates the validity of eq. (2.6), as stated by Proposition 4.2.
The ation of Di(M) on T ∗M is transitive on the points (x, p), p 6= 0;
moreover, for eah point (x, p), p 6= 0, there are 2d vetor elds vi, suh that
λi, i = 1, ...2d, |λi| < 2ε, dene loal oordinates for gλi vi(x, p). If I ⊆ T
∗M
is a Borel set of zero Lebesgue measure, ontained in a neighborhood of (x¯, p¯),
one has (by Fubini theorem)
∫
|λi|<ε
Πdλi
∫
dµχI, gλi vi =
∫
dµ
∫
|λi|<ε
Πdλi χI, gλi vi = 0, dµ ≡
∑
n
2−n dµn,
where χI is the harateristi funtion of I and χI,gλi vi (x, p) ≡ χI(g
−1
λi vi
(x, p)).
Then,
∫
dµχI(g
−1
λi vi
(x, p)) = 0, a.e. in λi and, sine the projetion EI and
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gλv(EI) = Eg−1
λv
(I) are isomorphi,
∫
dµχI = 0. Therefore, one has a repre-
sentation of ΛR(M), as an abelian algebra, quasi equivalent to the lassial
anonial representation. Conversely, if µ(I) = 0 and I has non zero Lebesgue
measure,
∫
|λi|<ε
Πdλi χI, gλi vi (x, p) > δ > 0, for (x, p) in an open set OI and
therefore the above equation implies µ(OI) = 0; by the transitivity of Di(M),
dµ = 0. Therefore, dµ is equivalent to the Lebesgue measure.
The Lie produt on pi(ΛR(M)) is ompletely determined by its restrition to
C∞(M) + L(M), whih, by Proposition 4.2 satises eq. (2.6) and loally one
has, ∀A(x, p) ∈ C∞(M) + L(M),
{
∑
i
gi(x) p
i, A(x, p) } = (d/dλ)A(g−1λv (x, p))|λ=0 =
=
∑
i
(
−
∂A(x, p)
∂xi
gi(x) +
∂A(x, p)
∂pi
∂gj(x)
∂xi
pj
)
= {
∑
i
gi(x) p
i, A(x, p) }C.
Thus, the representation of ΛR(M), as Poisson algebra, is given by the lassial
anonial representation, up to multipliities. If Di(M) is unitarily imple-
mented, the multipliity of the representation is µ a.e. onstant and therefore
it is a multiple of the lassial anonial representation. 
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